CONVERGENCE TO WEIGHTED FRACTIONAL BROWNIAN 

SHEETS* 
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Abstract. We define weighted fractional Brownian sheets, which are a class 
of Gaussian random fields with four parameters that include fractional Brown- 
ian sheets as special cases, and we give some of their properties. We show that 
for certain values of the parameters the weighted fractional Brownian sheets 
are obtained as limits in law of occupation time fluctuations of a stochastic 
particle model. In contrast with some known approximations of fractional 
Brownian sheets which use a kernel in a Volterra type integral representation 
of fractional Brownian motion with respect to ordinary Brownian motion, our 
approximation does not make use of a kernel. 



1. Introduction 

Fractional Brownian sheets have been studied by several authors for their math- 
ematical interest and their applications. One of the first papers on the subject is 
[12]. Some types of approximations of fractional Brownian sheets have been ob- 
tained recently (e.g. [2], [3], [9], [13], [14], [15]). In this paper we give a new type 
of approximation for certain values of the parameters by means of occupation time 
fluctuations of a stochastic particle model. The limits that are obtained in this 
way are a more general class of Gaussian random fields. 

We consider centered Gaussian random fields W — {Ws,t)g j>q with parameters 
{ai,hi), i = 1,2, whose covariance is given by 

Kwiis,t),is',t'))=EiWs,tWs'.t') = C^'Hs,s')C^^\t,t'), (1.1) 

where each C^'^^ is of the form 

C^'\u,v)= r'^^liu^rf^ +{v-rf^]dr, ^ = l,2, (1.2) 



^0 

with the following ranges for the parameters: 

a, > -1, -1 < b, < 1, \bi\<l + ai. (1.3) 

C(^) is the covariance of weighted fractional Brownian motion with parameters 
(ai, hi). Weighted fractional Brownian motions were introduced in [7]. We call W 
a weighted fractional Brownian sheet with parameters (a.^, 6j), z = 1, 2. In the case 
fli = 02 = (the weight functions are 1) 14^ is a fractional Brownian sheet with 
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parameters (|(1 + &i), ^(1 + &2))- The case ai = 02 = 61 = 62 = corresponds to 
the ordinary Brownian sheet. If 61 = 62 = 0, and at least one aj is not 0, then W 
is a time-inhomogeneous Brownian sheet. 

Due to the covariance structure (1.1), (1-2), many properties of W are con- 
sequences of those of weighted fractional Brownian motion. We will prove an 
approximation in law of W for and bi of the form Ui = —'ji/ai, bi = 1 — l/ccj, 
with < 7i < 1 and 1 < ai < 2; hence the approximation is restricted to values 
of ai and 6, such that — 1 < Oi < and < 5^ < 1 + o,;, i = 1, 2. 

The approximations of fractional Brownian sheets in [2], [15] are based on a 
Poisson random measure on R+ x IR+ and a kernel which appears in a Volterra 
type integral representation of fractional Brownian motion with respect to ordinary 
Brownian motion. The approximation in [3], analogous to the functional invariance 
theorem, also uses the kernel. Our approach does not use a kernel. We also use 
a Poisson random measure, but 011 K x M instead of K.+ x R+ and in a different 
way from [2], [15]. Some of the other approximations cited above are motived by 
simulation of fractional Brownian sheets. Our approximation is not intended for 
simulation, but rather to show that weighted fractional Brownian sheets emerge 
in a natural way from a simple particle model. 

In section 2 wc give the properties of W, in particular long-range dependence. 
In section 3 we describe the particle system and we prove convergence to W of 
rescaled ocupation time fluctuations of the system for the above mentioned values 
of the parameters. 

2. Properties 

We consider M.'^ with the following partial order: for z — (s, t) and z' = (s', t'), 
z ^ z' iff s < s' and t < t' , z ^ z' iS. s < s' and t < t' , and if z ^ z' we denote 
by {z,z'] the rectangle (s, s'] x {t,t']. We refer to elements of ffi^ as "times" for 
simplicity of exposition. 

U X = {Xz)^^^2^ is a two-time stochastic process, the increment of X over the 
rectangle {z, z'] with z = {s, t),z' = (s', t') is defined by 

We denote the covariance of the increments of the process X over the rectangles 
{{s,t),{s',t% {{p,r),{p'y)]hy 

Kx {{s, t), {s',t'); {p, r), {p', r')) = Cov {As,tX{s', t'), Ap,rX{p', r')) • 

The covariance of W over rectangles is given by 

Kw{{s,t),{s',ty,{P,r),{p',r')) 

= is',p') - C(i) {s,p') - C(i) is\p) + C(i) (s, p)) 

X (C;(2) (^/^ _ ^(2) _ ^(2) ^) ^ ^(2) 

= Cot;(y« -yw,y« -yW)Cot;(yj^) -y,(^\yj,^) -y;^)), (2.1) 

where y^'^ is weighted fractional Brownian motion with parameters {ai,bi), i = 
1,2. 
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The next theorem contains some properties of weighted fractional Brownian 
sheets. 

Theorem 2.1. The weighted fractional Brownian sheet W with parameters {ai, hi), 
i = 1,2, has the following properties: 

(1) Self-similarity: 

{WhsM)s,t>o = /i^'+''^+'^'/'fc^'+"^+'=^/'(W^.,0.,t>o for each h,k>0, (2.2) 

where = denotes equality in distribution. 

(2) W has stationary increments only in the case ai — 02 — 0. 

(3) Covariance of increments: For (0,0) ^ (s,t) -< {s',t') ^ {p,r) -< {p',r'), 

Kw{{s,t),{s',t'y,{p,r),ip',r')) 

= [ u"' lip' - u)'" + ip- uf'ldu [ v"^ [(/ - vf^ + {r- v)'>^]dv, (2.3) 

Js Jt 



henc 



Kw{{s,t),{s',t'y,ip,r),{p',r')){ 



> if 6162 > 0, 
= if 6162 = 0, 
< if 6162 < 0. 



(4) The one-time processes {Ws,t)s>o (t fixed) and {Ws,t)t>o (s fixed) are 
weighted fractional Brownian motions (multiplied by constants) with pa- 
rameters (ai,6i) and (02,62); respectively. 

(5) 

E{{As,tWs',t'f) =4 [ u"-^{s' -uf^du j v"-^{t' -vf^dv. (2.4) 

J s Jt 

(6) 

Jm .-^-.^-^-i^((A..l^......)^) = (rTOTTM^-*-> (2-5) 

hm 5-(i+<^^+''^)T-(i+«=+*=)£;((A,,*H^,+s,(+t)') 

T,S — >-oo 

= 4 / u"-^{l-uf^du I v"-^{l-vf^dv, (2.6) 
Jo Jo 

hence W has asymptotically stationary increments for long increments in 
M^, but not for short ones (if ai,a2 7^ Oj. 
(7) The finite- dimensional distributions of the process 

{S-'''^T-^'^As,TW,+S,t+T)s,t>0 

converge as T, 5* —> 00 to those of fractional Brownian sheet with parame- 
ters (i(l + 61), i(l + 62)) multiplied by 2/[(l + 6i)(l + b2)Y''^. 
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(8) Long-range dependence: for {s,t) ~< {s',t'), {p,u) -< {p',u') 
lim T^-''^K^-'''Kw ((s, t), (s', t'); {p + T,u + k), {p' + t,u' + k)) 



6162 



- n VI dp'-p){{sr^'''-s'+'^^){u'-u){{tr^-^-t^+-^). (2.7) 

(9) For 6 > 0, we define the one-time process {Zt)^^^ — {Wtfit)^■>Q, i-e., the 
sheet restricted to a ray through the origen. (Note that Z is not a weighted 
fractional Brownian motion.) Then for < bi < 1, i = 1,2, and not both 
bi, 62 equal to 0, this process has the long-range dependence property 

lim T^-^^'+^^^Cov{Z^ - Zu, Zt+r - Zs+r) 

T— »00 

-91+02+62 cj), _i_ h„\ 

= (1 + a )(1 + a ) (^'^°'^°' - ^'+°^+°^)(^ - s), u<v,s<t. (2.8) 

Proof. Except for part (9), the proofs follow directly from the form of Kw given 
by (1.1), (1.2) and properties of weighted fractional Brownian motion [7]. We give 
an outline of the proof of part (9). 

We have, ior u < v, s < t, 

Cov{Zy — Zu, Zt+T — Zs+t) 

= ^1+"=+''= [C<^) (v, t + t)C(2) {v, t + T)~ C(^) {v, s + t)C(2) (v, s + t) 

{u, t + t)C^'^^ {u, t + r) + C^^) {u, s + t)C^^^ {u, s + t)], (2.9) 

C7(i) {v, t + t)C^'^^ {v, t + T)- C(i) {v, s + r)C(2) {v, s + r) 
= [C(i) {v, t + T)- C(i) {v, s + t)]C^'^^ {v, t + t) 
+ [C7(2) {v, t + T)- ^(2) (^,, s + r)]C(i) {v, s + r) 

= / r"' [{t-r + t)'" -{s-r + T)'"]dr / [{t - r + r)^^ + {v - r)''^]dr 
Jo Jo 

+ / r"^ [{t-r + Tf^ - (s - r + T)''^]dr / r"^ [{s - r + t)'" + {v - r)'"]dr, 
Jo Jo 

(2.10) 

and similarly for the last two terms. The result follows from (2.9), (2.10) and the 
limits 

lim T^-^[{t2 + t)^ - {ti + t)^] = b{t2 - il) 



T— »oo 

and 



lim T"^ / r''[{t + T)'' + {v 



r)'']dr ^ 



l+a 



1 + a 

□ 



Remark 2.2. There arc three different long-range dependence regimes in property 
(9), and they are independent of ai,a2. The covariance of increments of Z has a 
power decay for 61 + 62 < 1, a power growth for 61+62 > 1, and a non-trivial 
limit for 61+62 = 1- Wc do not know if this property has been noted before 
for fractional Brownian sheets. It is worthwhile to observe that the non-Gaussian 
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process {Y}^^Y0p)t>o, where y*^*-* are independent weighted fractional Brownian 
motions with parameters {ai,bi), i = 1,2, has the same long-range dependence 
behavior. 

In [7] it is shown that Ag^t = u'^{t — u)^du, < s < t, has the following 
bounds: li a > 0, s,t < T for any T > and constant M = M{T), and also if 
a <Q, s,t> e fov any £ > and constant M = M{e), 

As,t<M\t-s\^+\ 

Ua<0,l+a + b>0, s,t>0, 

A,,t<M\t-s\^+"+K 

Then it follows from (2.4) that for < e < s < s' < T, < £ < f < i' < T and 
i = l,2, 

E{{A,,tW,,,t,f) <M{s'- st {f - tf , (2.11) 

where 



§ — ) 1 + + if fli < and 1 + + 6i > 0, 

' I 1 + 6i otherwise. 

The next lemma allows us to prove the continuity of W. 



(2.12) 



Lemma 2.3. [1], [10] Let X ~ (^s,f)s,t>o be a two-time stochastic process on a 
probability space {Q,^,P) which is null almost surely on the axes and such that 
there exist p > 0, a,b £ (1/p, oo), such that 

{E{\A,,tXs+h,t+kny^'' < M\hnk\K 

Then X has a m.odifi,cation X with continuous trajectories. Also, the trajectories 
of X are Holder with exponents {a',b'), for a' G (0,a— 1/p), b' G (0,6— 1/p), that 
is, for any w exists > such that for any s, s', t, t' , 

\I^,,tX,,,t,{uj)\< M^{s' - sf {t' -tf , s<s', t<t'. 

Proposition 2.4. The weighted fractional Brownian sheet {Ws,t)s,t>o has a mod- 
ification {Ws^t)s,t>o with continuous trajectories. Also, the trajectories ofW are 
Holder with exponents {x,y) for any x G (0, \5i),y € (0, 5^2), where Si are as in 
(2.12). 

Proof. From the moments of the normal distribution and equations (2.4) and (2.11) 
we have 

{E{\I^,,tW,+h,t+k\lY''' 

/ fs+h ,-t+k \ 1/2 

= C[ u^^is + h-uf^du v^^it + k-vf^dv 



< Mh^^'^k^^'\ 

with some constants C and M. Taking r > mas.{2/ 6\,2/ 82} we have the condi- 
tions of Lemma 2.3, and the result follows. □ 
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3. Approximation 

The random field W, for some values of the parameters ai,bi, arises as a limit 
in distribution of occupation time fluctuations of a system of particles of two types 
that move as pairs in M x M according to independent stable Levy processes. The 
system is described as follows. Given a Poisson random measure on K x R with 
intensity measure /x, A^o.o = Pois(/i), from each point {xi,X2) of Nq^ come out 
two independent Levy processes, from xi comes out , symmetric ai-stable, and 
from X2 comes out , symmetric a2-stable (0 < < 2, i = 1,2). Let A'' = 
{Nu,v)u,v>o denote random measure process on M x M such that A^„,„ represents 
the configuration of particles at time {u,v), 

(xi,X2)eNoA) (a;i,a:2)eWo,o 

For (p,ip ^ i-'-(K) {(fi, t/j 0) fixed, wc write 
{Nu,v,'P®i^)= (^c- ®^c„-'^®^)= E ^5(^)^(0- (3-2) 

We define the occupation time process of A'' by 

{Ls^f,^®ip) = I I {Nu^v,'P®ip)dvdu, s,t>0, (3.3) 
Ja Jo 

and the rcscalcd occupation time fluctuation process by 

XT{s,t) = ^{{LTs,Tt,V<»i^)-E{{LTs,Tt,^^^))), s,t>Q, (3.4) 

where T is the time scaling and Ft is a norming. We choose the intensity measure 
II for the Poisson initial particle configuration as 

IJ,{dxi,dx2) = Hi® ii2{dxi,dx2) = iii{dxi)iJ.2{dx2), 

with 

Hi{dxi) = dxi/ \xi\'^\ 0<7i<l, i = l,2. (3.5) 

The homogeneous case corresponds to 71 = 72 = and it gives rise to the usual 
fractional Brownian sheet. We will show that for 

Ft = f!^^f!^^ with F!ji^ = yi-(i+7.)/2a,^ < 7, < 1< a,, z = 1, 2, (3.6) 

the finite-dimensional distributions of the process Xt converge in law as T — > 00 
to those of weighted fractional Brownian sheet with parameters a, = —^^ijon, 
6, = 1 — 1/a,, i = 1, 2. In the case ai = 02 = we will also prove tightness. 

Theorem 3.1. If Xt is the process defined in (3.4), < 7^ < 1 < ai, i = 1,2, 
with Ft defined by (3.6), then the finite- dimensional distributions of Xt converge 
as T ^ 00 to the finite- dimensional distributions of DW, where W is weighted 
fractional Brownian sheet with parameters oi = — 7i/q!i,6i = 1 — 1/cti, a2 = 
—72/0:2, 62 = 1 — 1/0:2, and D is the constant 

D = [ v{x)dx [ i>{x)dx(f[ —^p1'{0)([ Pl^dx\]'\ (3.7) 
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where pf{x) is the density of the symmetric a-stable Levy process, which is given 
by 

Ptix) = 7r / exp{-{ixy + t\y\")}dy. 

Proof. For each fc G N, di, • • • , e M and (si, fi), • • • , {sk, tk) € M^, we must 
show that 

k k 

djXj_^_ converges in law to djWg^^tj as T — > c», 
i=i j=i 
which wc do by proving convergence of the corresponding characteristic functions. 
From the fact that A^o.o = Pois(^i (g) /X2), we have for each 6* G M, 



Ct{9) ■.= Eexph0j2djXl,t, 
^ 3=1 

( i6 ^ 1 



i=i 



X exp 



1 - ^^(xi,x2) ( exp<j — ^ dj {Lj.^^. , V) 
^ i=i 



lll{dXi)ll2{dX'2) 



(3.8) 

where E(y.^ y.^^ denotes expectation starting with one pair of initial particles in 
(0:1,2:2), (see e.g. [11], mixed Poisson process). 

We also need the mean and the covariance of N . From the Poisson initial 
condition, the first and second moments are given by 

E{{Nu,v,V"Siip)) = / E(^^^^^){{Nu,v,V®i)))lJ.i{dx\)iJ,2{dx2) 

jRxE 



E{^{eu')ll^{Q^))t,^{dXr)lJL2{dX2) 



(3.9) 



and 



E, 



{X1,X2) 



{{Nm,vi,V> ® V') {Nu2,V2,V> ® V')) lJLl{dXi)lJL2{dX2) 



+ / -E'(xi,cc2) V')) W(c^a;i)/U2(c;a;2) 

JRxR 

E{x-,,X2) {{Nu2,V2,^ ® V')) IJ.l{dXi)lJ,2{dX2) 

E i¥>{^uimQ!MCZMCZ)) l^i{dxMdx2) 
+ [ E {^(^ZDi^iQ)) ,,^{dxMdx2) [ E{ip{eul)HC:^))l^i{dxMdx2), 



Jr 
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hence, by the independence of ^ and C, and the Markov property, 
= / ^^(cci,x2) ((-^«i,OT><P® V') (-^«2,TO></f ® V'))Mi(t^2^i)/"2(t^a;2) 

Jb.xM. 

= [ r^,\u,{^TZ_^ v){xMdx^) f T,%,^{i;T^^^^^ ^){xMdx2), (3.10) 

where 7^"' denotes the semigroup of the symmetric a^-stable process. 

Using an expansion of the characteristic function (see e.g [5], p. 297) in the 
integrand with respect to {xi,X2) in (3.8), it is equal to 

i9 



2F^ 



+ '^^1,CC2)' 

where 



Since 

k 



03 



3=1 



(3.11) 



J2djE{{Lj .,ip(^^)) = / Y.djE{xi,x2)i{Lj,t,,V'»i'))fJ.i{dxi)fj,2idx2), 

j=l JRxRj^-^ 



i=i 

then (3.8) becomes 



Ct(0) = exp - 



2F^ 



£^(0.1,0.2) (Z!^^^^^.*.''^'^^) 
j = l 



and by (3.3) and a previous calculation, 

fc \ 2 



m{dxi)iJ,2{dx2) 



f T^E(^xi,x2){yZdjiLJ,t^'P'^^)) IJ'i{dxi)iJ,2{dx2) 

Jrxr / 



T j^l ji^i JRxRJO JO JO 
E{xi,X2) {{Nui,Vi,V"^'^) {Nu2.V2,V ® i^)) dV2dU2dviduilJ,i{dxi)lJi2{dX2) 



k 



3 fTtj fTs,, i-Tt,, 



(3.12) 



■^dj^dj,—^ 



3 = 1 3' = 1 



Fr 



F 



1 

(1)2 



Tsi fTs 



Jo 

Tti rTt 



T:^\u2{vT;,l-u2\^){x,)du2du, 



dxi 

l7i 



\X\ 



CONVERGENCE TO WEIGHTED FRACTIONAL BROWNIAN SHEETS 



9 



Now, recalling (3.6) we have 

T^^jJo Jo y/--(^-^)^^^) 



(rl-(l+7)/2a) 



dx 

X I^p"u,-U2\iy - z)ipiz)dzdydu2dui — , 



substituting ui = Tu'i,U2 = Tu'2, using the self-similarity of the a-stablc process 
in R, i.e., pf{x) = (i-V«x), and then substituting x = {T{u[ A Wa))^^" x' , 

Sl /•S2 



dx 



JrJo Jo Jr 

X / PT\u[-u'\iy - ^)'Piz)d'Zdydu'2du[ 

Jr Jo Jo 

X fp? ((TK A u'2))-'/"{x - y)) ^{y) 

X / ((r|wi - - ^)) ^{z)dzdydu'2du[-^ 

Jr ^ ' 

= / r /''ka«'2)-^/«|«'i-«^|-v« /■ p?((x'-(TKA«'2))-^/"y))<^(y) 

X / ((rm - - z)\ <p{z)dzdydu'2du[^. 

Jr ^ ' F 1 

(3.14) 

Taking T — > 00 in (3.14) we obtain the limit 

p?(0) (^J^^{y)dyy J^P^dx £ £{u[Au'2)-'^/"\u[-u'2\-'/''du'2du[ 

\Jr / Jr FI 

"(si - m)'~'/" + (S2 - u)^'^'"'] du. (3.15) 



1 

X 



1 - 1/a Jo 
By (3.13), (3.14) and (3.15) 

k 



{Xl,X2) yi'^j(^Lt,;¥'® V") Hi{dxi)ii2{dx2) 



1 - 1/ai 1 - l/a2 Um V Um ; A kl^^ 
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k 



X 



io 



k 

= D' Yl djdrC^'\sj,s,,)C^'\tj,t,,), (3.16) 

where D is defined by (3.7) and C^*) is as in (1.2) with Ui = —^i/ai, bi = 1 — l/a^. 
Proceeding similary with the third order term we find 



7mxR v. 1 / 



3 

k k k 



rT 



j=l j=l i=l 



X (^s,,ti7</'<»i/'))Mi((^a;i)/X2((ix2) 

1 ^ ^ ^ /* pTsi pTti rTsj rTtj pTsi pTti 

^E^^E^^E^'/ ////// 

-'^T ,-^1 i^-^ JRxR^O Jo JO Jo Jo Jo 



dv^du^dv2du2dviduiiii{dxi)iJL2{dx2) 

rTsi i-Tsj i-Tsi 



j=i ,=1 F-f. ' Jm Jo Jo Jo 



\Xi 



71 



I I U U ^ rrM'^^.UM'^^.UJ))i^2)dvsdV2dvx 



F^^^'JrJo Jo Jo -1 --.xV^v .3-..-^^/v - ^|^^|^.' 

(3.17) 

{(i,{(2,'U3 denoting iti,M2,M3 in increasing order, and similarly for ui, ^2,^3. 

Again, recalling (3.6), substituting Ui = Tu'- i = 1,2,3, using self-similarity of 

the a-stable process, and then substituting x = {Tu[)^^" x', we have 

1 f r-^ r-^ dx 



[ I T^lv{ri_^Mri_^^v)){x)du,du2dur— 



(j-l-(l+7)/2a)3 

^;r(7-i)/2" /■ r r r / ^i-7/«(^2-«i)-^/"(ti3-n2)-^/" 

'0 Jo Jo 



I pUx' -{Tu^r^'^wMw) [ pU{nu2-ui))-"'^{w-y))^{y) 
Jr Jr 

/ p'^{{T{u3-U2))~^/"{y-z))ip{z)dzdydwdu3du2duiY^, (3.18) 

jm f r 
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then from (3.17) and (3.18), 

= JjT(7,-l)/2a. /■ AT{xuX2)l^l{dXi)tl2{dX2), (3.19) 

where 

At{xuX2)^ r r r U-~'''"'{U2-U^)-^'"'{U^-U2)-^'''' 



Jo JO 



X / p'^^{x^-{Tu,)-y-^wMw) [ p'^^{{T{u2-ui))-^/"'{w-y)My) 

JR JS. 

X / p"^ ((r(u3 - {t2))~"^/"^ {y - z))ip{z)dzdydwdu3du2dui 

JR 

pti pt2 nt3 p 
x/ / / vr'/'^%V2-V,)-'/"^ivs-V2r'^"^ 

Jo Jo Jo Jr 

X I pT{x2-{Ti^)-''''^w),p{w) I pT{{T{i2-ii))-^'''^{w-y)),p{y) 



X / p'^^{{T{vs-V2))~'^'"^{y - z))'il){z)dzdydwdvsdv2dv]_. (3.20) 

JR 

From (3.20) we obtain 

lim / AT{xi,X2)tJii{dxi)iJL2{dx2) 

= r r r'wp^"'(^i2-'&i)-'/"U"3-'a2)-'/"^rfw3«wi 

Jo Jo Jo 

X r v-'''''''\v2 - iiY^'^'^v^ - i2)-^'''^dv3dv2dvi 

Jo Jo Jo 

Then, from (3.11), (3.19) and (3.21) we get 

lim / Sl^^,^^f,i{dxMdx2)=0. (3.22) 

JrxR 

Finally, putting (3.12), (3.16) and (3.22) together we obtain 



^lim Ct(0) = exp|-yi?^ J2 E djdj,C^'\sj,Sj,)C^'\tj,tA, 

and convergence of finite-dimensional distributions of Xt to finite-dimensional 
distributions of weighted fractional Brownian sheet DW has been proved. □ 

Theorem 3.2. Under the hypotheses of Theorem 3.1, if = 72 = 0, then Xt 
converges in law to DW in the space of continuous functions C([0,t] x [0, r],M) 
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for any t > as T oo, where W is fractional Brownian sheet with parameters 



2 

D = [ ^{x)dx [ ^{x)dx TT \ 



(0) 



1/2 



Proof. By Theorem 3.1 we have convergence of finite-dimensional distributions of 
Xt to those of DW. It remains to show that the family {Xt} is tight. Since 
these processes are null on the axes, by the Bickel-Wichura theorem [4] we only 
need prove that there exist even m > 2 and positive constants Cm, Si, 82 such that 
m6i,m62 > 1 and 

SUpE{{A,,,trXT{S2,t2)r) < Cm{S2 ' Sl)""^' {t2 -ti^^^ for aU Si < S2,ti < is- 
T 

(3.23) 

From (3.4), 

l^^sut^XT{s2,t2) =— / {{Nu,v,^^'4')-E{{Nu,v,^<»i')))dudv, 

Jtsi JTti 

then, by (3.10), 

E{{A,„t,XT{s2,t2)f) 

I rTs2 ,-TL2 ,-Ts2 ,-Tt2 

= III C!ov{{Nu^^y^,(fi(g)ijj) ,{Nu2^^^,(p(^tjj))dv2du2dvidui 

JTsi JTti JTsi JTti 

(•Ts2 rTt-2 rTs-2 rTt2 /• 



1 



Fr 



T JTsi JTti JTsi JTti JR 
X 



2^2-(l+7i)/ai 
1 

2^2-(1+72)/Q2 



TS2 



Tsi JTsi 
Tto rTt2 



Tti JTt 



/ '^vi\v^ {V%Ti-v2 1 {X2)dX2dV2dU2dVxdUi 

JR 



TvTav2 W.I-.2 1 ^) {X2)dX2dV2dVi 



= E{{X^\s2)-X^^\s,),^f)E{{X^^\t2)-X^^\t,),i^)% (3.24) 

where X^\i = 1,2, are occupation time fluctuation processes of independent 
systems of particles moving in R according to symmetric aj-stable processes with 
initial configurations given by Poisson random measures on M with intensities fii, 
i.e., 



and 



rpl- 



1 

{{Ni'\^)-E{{Ni'\v)))du, ArW= ^ S^., 

"0 --TD^' \ 



xGPois()Lti) 



1 Z"^* 

J --T> • ( \ 



xGPois(//2) 



CONVERGENCE TO WEIGHTED FRACTIONAL BROWNIAN SHEETS 



13 



In [6] such a one-time system is studied and it is shown that 

E{{x!^\t) - ^f) < C\t - (3.25) 

where C is a positive constant (not depending on T) and h = 2 — > 1. From 
(3.24) and (3.25) we obtain (3.23). ' □ 

Remark 3.3. (1) Theorem 3.2 gives a functional approximation of fractional 
Brownian sheet with parameters {hi, /12) € (1/2, 3/4]^, taking hi = 1 — 5^, 
i = l,2. 

(2) Proving tightness with 71 7^ or 72 7^ is considerably more difficult 
because it requires computing moments of arbitrarily high order (see [8] 
for the one time case) , and this involves moments of arbitrarily high order 
of the Poisson random measure Pois(/zi (g) 1^2), which are cumbersome. 

(3) In Theorem 3.1 wc may also consider the measures of the form (3.5) 
with 7i < 0, assuming that < ai li ai < 2 (which implies that the 
mean is finite), and the result in the theorem holds. 

(4) The role of the functions ip, tp is only subsidiary since they are fixed, and 
in the occupation time fluctuation limit they appear only in the constant 
D given by (3.7). If ip,ip are taken as variables in the space iS(IR) of 
smooth rapidly decreasing functions, then in principle it is possible to 
prove convergence of the occupation time fluctuations as (tS'(K))^-valued 
processes, where iS'(K) is the space of tempered distributions (topological 
dual of iS(IR.)), the limit being the space-time random field 

where W is the weighted fractional Brownian sheet in Theorem 3.1, 

\fj^ 1 - Va« Jr fP' j 

and A is the Lebesgue measure on R. (See [8] for such a setup for a 
one-time particle system.) 
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